Motivated by a recent experiment on the superfluid 3 He A-phase with a chiral p-wave pairing confined in a thin slab, we propose designing a concrete experimental setup for observing the Majorana edge modes that appear around the circumference edge region. We solve the quasiclassical Eilenberger equation, which is quantitatively reliable, to evaluate several observables. To derive the property inherent to the Majorana edge state, the full quantum mechanical Bogoliubov-de Gennes equation is solved in this setting. On the basis of the results obtained, we perform decisive experiments to check the Majorana nature.
† E = γ −E owing to particle-hole symmetry, and (2) a certain type of vortices with an odd winding number. For the edge or surface, the Majorana fermion Ψ = Ψ † exists as well as γ † 0 = γ 0 .
11-15)
There is as yet no firmly established chiral p-wave superconductors so far, although several theories 11, 13, 16) have explored its possibility in Sr 2 RuO 4 . We have to resort to the use of the superfluid 3 He system in which we may manage to manipulate the order parameter (OP) so that the Majorana conditions are fulfilled by setting up an appropriate boundary condition. A good example of this kind has been recently presented by several groups. [3] [4] [5] They demonstrate that the Majorana edge modes in 3 He-B give rise to the anisotropic spin dynamics, [3] [4] [5] while the OP in the B-phase is a time-reversal invariant, which is in contrast to that in the A-phase. Thus the main purpose of the present work is to propose a concrete experimental design for detecting the Majorana QP based on quantitatively accurate microscopic calculations for the 3 He A-phase. Here, we examine the superfluid 3 He A-phase, which is characterized by a chiral p-wave type OP without doubt which is a time-reversal breaking state. 17) Thus, the Majorana QPs in the A-and B-phases are worthy of comparative studies. In fact, as we will see later, we can treat the Majorana QPs in the A-and B-phases in the same experimental setup in a slab geometry by merely changing temperature or pressure, which is a large advantage over other proposed systems. The system provides a useful testing platform for checking various ideas associated with the so-called topological order.
Our basic idea is stimulated by the experimental setup used by Bennett et al., 18) where a superfluid 3 He Aphase is confined in a thin slab with a thickness D = 0.6 µm and (L = 10mm) × 7mm, as schematically shown in Fig. 1 . Other experimental groups [19] [20] [21] use variousthickness samples, ranging from D = 0.1 to 10 µm. Since the so-called dipole coherence length ξ d ∼ 6 µm, 17) the l-vector, which characterizes the chiral direction of the A-phase OP, points perpendicular to the slab's upper and lower surfaces (B), as shown in Fig. 1 . We assume the specular boundary condition in this paper. The four sides of the rectangular strips of the slab are an ideal place to accommodate the Majorana edge modes.
We use two theoretical methods, the quasi-classical Eilenberger equation and Bogoliubov-de Gennes (BdG) equation. The quasi-classical framework is used for detailed studies of the quantitative aspects of the superfluid properties at the edges. Using the BdG framework, we reveal the Majorana nature and quantum-mechanical spectral structures of the low-lying edge modes.
We consider the following spatially one-dimensional problem along the x-axis with a length L (0 ≤ x ≤ L). See section A in Fig. 1 where, along the z-direction, the system is uniform because the l-vector points perpendicular to the upper (B) and lower faces. The length is scaled by the coherence length at T = 0, ξ 0 ≈ 80 nm. In this situation, the pair potential of the chiral OP in the A-phase is described by
Note that we are considering the three-dimensional Fermi sphere for 3 He in the momentum space. The relative momentum of the Cooper pair on the spherical Fermi surface is given by k = (sin θ k cos φ k , sin θ k sin φ k , cos θ k ), and the Fermi velocity is given by v = v F0 k. It is important to notice that the quasi-particles described by Green's functions move under the "given" pair potential ∆(x, k). The relative phase between η x and η y is π/2, since the l-vector points to the z-direction.
The applied field H is an important controlling parameter of the system: For the slab thickness D ≤ ξ d , the field perpendicular (parallel) to the slab should be H > H d (H arbitrary) so as to satisfy the condition that d ⊥ H with H d being a dipolar field ∼ 2mT. 22) Then, an equal spin pairing is realized and we can always ignore the ↑↓ + ↓↑ Cooper pair by changing the spin quantization axis appropriately.
23) Thus, we omit the spin degrees of freedom in our calculation, e.g., in eq. (1).
It is known that different from that in the bulk 3 He, in the slab of superfluid 3 He, the A-phase is stabilized at much lower temperatures T down to the pressure P = 0. 24) This condition is fulfilled for 0.06 < D 0.3 µm where the A-phase is stable at T = 0 and P = 0. For sub-µm D the A-phase changes into the B-phase with decreasing T . Thus, it allows us to treat both phases under the same experimental setup. A-B control is also possible by varying pressure. Theoretically, our calculations are reliable quantitatively because superfluid 3 He in the lower-pressure regions of interest here can be described in a weak coupling scheme without delicate strong coupling effects.
25)
We start with the quasi-classical Eilenberger equation, [26] [27] [28] [29] [30] which has been used in the study of 3 He superfluidity. [31] [32] [33] The quasiclassical Green's functions g(ω n , k, x), f (ω n , k, x), and f † (ω n , k, x) are calculated using the Eilenberger equation
where
We solve eq. (2) by the Riccati method, 30, 34, 35) with the specular boundary condition at both edges: x = 0 and L. The temperature is measured using the transition temperature T c . Matsubara frequency ω n = (2n + 1)πk B T , energy E, and pair potential ∆ are in a unit of πk B T c . The order parameter η j (x) (j = x, y) is selfconsistently calculated by
. · · · k indicates the Fermi surface average, and N 0 is the density of states (DOS) at the Fermi energy in the normal state. We use ω cut = 40k B T c . The temperature is fixed at T = 0.2T c throughout the paper.
Using the obtained self-consistent solutions, the mass current is calculated using
When we calculate the quasiparticle states, we solve Eq. (2) with iω n → E + iδ. We typically use δ = 0.005. The local density of states (LDOS) for quasiparticles normalized by N 0 is obtained as
In Fig. 2(a) , we show the OP profiles for L = 100. It is seen that, because of the specular boundary condition at the edges, the k x component, which is perpendicular to the edges, becomes zero, while the parallel component k y is enhanced by compensating for the loss of the k x component. Thus, at the edges, the polar state is realized. Towards the center, the k x (k y ) component increases (decreases). The A-phase with k x + ik y is attained in the central region where the l-vector points to the z-direction. We also show the result for L = 12 in Fig. 2(b) , where even in the central region the complete A-phase OP is not recovered and the polar phase nature is dominant there. Figure 3(a) shows LDOS at the edge x = 0 and the center x = 50. It is clearly seen from curve 1 for x = 0 that there exists a zero-energy state with a substantial weight at E = 0 corresponding to the Majorana edge mode, that is, LDOS is expressed as N (E, x = 0) = γ 0 + αE 2 near E = 0. The first (second) term comes from the Majorana edge mode (point node contribution of the chiral state in the bulk A-phase). LDOS at x = 50 (curve 2) shows a typical point node behavior of N (E, x = 50) ∝ E 2 . In Fig. 3(b) , we show the extension of the Majorana edge mode towards the center from the edge at x = 0, which spreads out an order of ∼ 5ξ 0 . In Fig. 3(c) the spectrum evolution from the edge to the center is shown. The spectrum of the Majorana edge mode gradually changes into the bulk spectrum. The angle-resolved LDOS N (E, x, θ k ) is shown in Fig. 3(d) , where θ k is the polar angle from the k z -axis of the 3D Fermi sphere. The zero-energy LDOS comes from the quasi-particles with the nonvanishing k x component, meaning that the QPs reflected by the edge form the Andreev bound state exactly at E = 0 because the QPs effectively feel the sign-reversed pair potential upon retracing the incoming path. The physics of the π-phase shift is working here. The mass current j y (x) is displayed in Fig. 3(e) , showing that the chiral current flows circularly along the four edges, as shown in Fig. 1 . By applying a magnetic field either parallel or perpendicular to the slab, we can produce a spin imbalance due to the Zeeman shift between the ↑↑ pairs and the ↓↓ pairs. This results in a net spin current in addition to the above mass current. The LDOS's at the edge are calculated for various lengths in Fig. 4(a) . As L decreases, the interference between two edges, which makes the zero energy levels split, becomes important and results in a decrease in the spectral weight of the zero-energy Majorana QP. The spectral weight of the Majorana QP N (E = 0, x = 0) is shown as a function of L in Fig. 4(b) . Beyond L ∼ 20, its weight remains constant.
To examine the full quantum nature of the discretized Majorana levels, we solve the BdG equation [36] [37] [38] with the pair potential obtained by the Eilenberger equation (2) sectors labeled σ = ±, which denotes the eigenstates of the Pauli matrixτ y , corresponding to the choice of the spin quantization axis parallel toŷ. Then the BdG equation reduces to each spin sector of the QP with the wave function ϕ n,σ = [u n,σ , v n,σ ] T and the energy E n,σ :
Here, we set (
The eigenstates of eq. (6) yield oneto-one mapping between the positive energy states ϕ E and the negative energy states ϕ −E =τ x ϕ * E owing to the symmetryĤ = −τ xĤ * τ
x , leading to the relation of the Bogoliubov QP operator γ E = γ † −E , as mentioned above. Before turning to the numerical results of eq. (6), we should mention the Majorana nature of the edge states. Within the weak coupling regime k F ξ ≫ 1, eq. (6) with eq. (2) is solved for the edge states as ϕ k,σ = e iϑτz/2 e iK·r f (k x , x) with the energy E = −∆ 0 ky kF , where K = (k y , k z ), f (k, x) = sin (kx)e −x/ξ0 , and ϑ is the U(1) gauge of ∆. Then, the field operator in the y-quantization axis is expanded in terms of the Bogoliubov operators
x)e iϑ/2 + Ψ bulk , where Ψ bulk denotes the contribution from the bulk excitations. Although Ψ bulk contains the low-energy states due to point nodes, their contributions are negligible if T ≪ T c is considered. This is because the DOS due to the edge states yields N (E) ∝ E 0 near E ≈ E F , which overwhelms the DOS due to the point nodes N (E) ∝ E 2 , as shown in Figs. 3(a) and 3(b) . This predicts the Majorana condition, Ψ ± ≈ e iϑ Ψ † ± for T ≪ T c and γ K = γ † −K . In Figs. 5(a) and 5(b) , we show the spectrum of the Majorana edge modes E n (K) normalized by ∆ 0 at T = 0. Here, the nonlocal pair potential in eq. (6) is obtained by the self-consistent solution of the Eilenberger equation (2) 
ik·r12 , where r 12 = r 1 − r 2 is the relative coordinate. Along the k x -axis, E n (K = 0) is dispersionless and along the k yaxis two k y -linear dispersions near E = 0 appear, each coming from the left and right edges. At k y = 0, the two Majorana modes are situated exactly at E = 0. A stereographic view of those modes is shown in Fig. 5(c) . It is seen that the linear Dirac dispersion continues along the k y direction, forming a "Dirac valley". The Dirac valley merges into point nodes at k z = ±k F . These results are consistent with those obtained using the previous Eilen- The surface specific heat measurement, which was performed previously 39) in connection with the Andreev surface bound state detection in the B-phase, resolves its contribution C surface (T ) = γ s T because γ s ∝ N (E = 0, x = 0) from the bulk contribution with C bulk ∝ T 3 , coming from the point nodes where N (E) ∝ E 2 . Note that, in the slab geometry, there is no low-lying excitations other than C ∝ T 3 from the two upper and lower surfaces (B in Fig. 1) . Thus, the C surface (T ) = γ s T contribution of the Majorana QPs is distinctive. The interference effect between Majorana QPs when L decreases, each coming from both edges, yields the LDOS N (E) = N (0)+α|E|, as shown in Fig. 4 . This extra linear |E| term gives the specific heat C surface (T ) ∝ T 2 . The relative weight of these T -linear and T 2 terms depends on the distance L between the two edges, which is precisely evaluated (see for example L = 12 case (2) in Fig. 4(a) ).
Quasi-particle scattering or QP beam experiments are extremely interesting. They were performed in the past on 4 He where roton-roton scattering is treated 40) and on the 3 He B-phase where the Andreev surface bound state is investigated. 41) Using this method, we may pick up Majorana QPs with a particular wave number because we like to manipulate Majorana QPs located at k y = 0, which is separated from other QPs in the nodal region at k z = ±k F .
The other option might be to use a free surface where the Majorana surface bound state is formed. As shown by Kono's group, 42 ) the bound state can be detected through the excitation modes of the floating Wigner lattice of electrons placed on the surface. We need a special, but feasible configuration of the experimental setups.
In summary, we have designed a concrete experimental setup to observe the Majorana particles at the edge in a certain slab geometry. We calculate the microscopic Eilenberger equation to yield quantitatively reliable information on observable physical quantities in realistic situations for the 3 He A-phase. The Bogoliubov-de Gennes equation is solved to explicitly demonstrate the Majorana nature of edge states. Several feasible and verifiable experiments for checking the Majorana nature are proposed.
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